The magnetic hysteresis due to the geometrical barrier in a type-II superconducting strip placed in a perpendicular applied field is examined theoretically. We first consider ideal strips with no bulk pinning and show results for the average flux density as a function of the applied field for both flux entry and exit. The magnetization is found to be nearly inversely proportional to the applied field upon flux entry and to be proportional to the applied field upon flux exit. We also present results showing the time evolution of magneticflux and current-density profiles during initial flux entry for samples that are bulk-pinning free and those with pinning characterized by a critical current J c . As predicted theoretically in pinning-free strips, the vortices collect in a dome-shaped magnetic flux profile, within which the current density is zero. A vortex-free region develops near the edges, where a high current density flows. With bulk pinning, the vortices pile up in two symmetric dome-shaped magnetic flux profiles, within which the current density is equal to the critical current density, whereas the regions near the center and the edges of the strip remain vortex-free.
I. INTRODUCTION
The first penetration of magnetic flux into a type-II superconducting strip subjected to a perpendicular magnetic field has been found to be significantly delayed by a potential barrier of geometrical origin. [1] [2] [3] An important consequence of this effect is that such a strip exhibits strongly hysteretic behavior even if the vortices in the interior of the strip are completely unpinned, i.e., even if the bulk critical current density J c is zero. This geometrical barrier is due solely to the shape of the sample's cross section at the edge of the strip; it is similar to the barrier observed in type-I superconductors of rectangular cross section, 4 but is different from the Bean-Livingston surface barrier observed in type-II superconductors. [5] [6] [7] [8] [9] The geometrical barrier arises because Meissner screening currents, flowing on the top and bottom surfaces of a flat strip, arise in response to an applied magnetic field. [1] [2] [3] The directions of these currents are such that, if one vortex is nucleated at the strip's edge, the resulting Lorentz force on the vortex tends to drive it towards the center of the strip. For a vortex at the very edge of the strip, however, its line tension initially opposes the inward Lorentz force and keeps the vortex near the edge. As the applied field increases until the vortex straightens and spans between the flat surfaces of the strip, the line tension no longer produces a significant outward force, and the vortex is driven to the middle of the sample. This inward motion occurs rapidly and dissipates energy. If the applied field is now reduced, the Lorentz force on the vortex from the Meissner screening currents still keeps the vortex in the middle of the sample until the applied field drops below zero, at which point the Lorentz force reverses sign and drives the vortex out of the sample.
A long sample of elliptical cross section would not exhibit this kind of geometrical barrier, because for this sample shape the inward Lorentz force arising from the Meissner screening currents has exactly the same spatial dependence as that of the outward force arising from line tension. [1] [2] [3] 10 Once the field at the edge of the sample reaches the lower critical field H c1 , a vortex can be nucleated. A slight further increase of the applied field causes the vortex to move slowly to the middle of the sample. A slight reduction of the applied field, on the other hand, causes the vortex to leave the sample.
The time dependence of flux penetration into a strip with radiation-enhanced edge pinning was studied by Schuster et al., 2 who solved a nonlinear integro-differential equation for the time-dependent current density in the strip. They used a model for the local effective resistivity of the form ϭ(J/J c ) n 0 , where nӷ1 and the critical current density J c (r,B z ) depends upon both the position r and the perpendicular induction B z . To simulate the behavior in vortex-free regions where B z ϭ0, the authors formally put J c ϭϱ in order to make ϭ0 there.
The steady-state current and field profiles produced in a strip with a geometrical barrier were found analytically by Zeldov et al. 3 In their model, vortices were assumed initially to reversibly enter a beveled edge region within a distance d/2 of the edge. The diverging Meissner screening currents were cut off at a value of J E 0 ϭ2H c1 /d in this edge region, such that these currents do work 0 H c1 per unit length against the line tension in driving each vortex to a distance d/2 from the edge. In this paper we study the dynamics of flux penetration using basic assumptions similar to but slightly different from those of Zeldov et al. 3 To treat the process of vortex nucleation, we consider a model strip ͑width 2W͒ that is flat ͑with thickness dӶW) over most of its cross section but is rounded at the edges, such that the local radius of curvature at the edges is d/2; the penetration depth is assumed to be somewhat less than d/2. We assume that vortices first begin to enter the sample when the local magnetic field at the sample edge ͑accounting for demagnetizing effects͒ exceeds the lower critical field H c1 . When this happens, each nucleating vortex gradually moves through the rounded edge region to the flat region, where the outwardly directed line-tension force disappears and the inwardly directed screening-current Lorentz force takes over, driving the vortex toward the center of the strip.
To model the flux dynamics, we use Faraday's law to solve for the time dependence of B z (x,t), the perpendicular component of the flux density in the plane of the strip. In the absence of flux pinning (J c ϭ0), we have E y ϭ FF J y , where we use the Bardeen-Stephen form 11 of the flux-flow resistivity FF ϭ n (B z /B c2 ). This form guarantees that the electric field is zero in any region of the strip that is free of vortices, regardless of the value of the current density J y . We show, for an applied magnetic field somewhat larger than that required to nucleate the first vortex, how a dome-shaped distribution of B z (x,t) vs x develops in the middle of a bulkpinning-free sample. The current density in the vortex-filled region eventually dies away, but the vortex-free region between the sample edges and the vortex-filled dome carries a high current. This paper is organized as follows: In Sec. II we consider the details of the initial flux penetration into the sample. We then study the quasistatic field (B z ) and current (J y ) distributions that develop at the critical flux-entry and flux-exit conditions, and we calculate for both cases the average flux density and the average magnetization as a function of the applied magnetic field. We find that the magnetization upon flux entry is inversely proportional to the applied field, a behavior that is similar to, but slightly different from, the case of the Bean-Livingston surface barrier. [5] [6] [7] [8] [9] In Sec. III we present a straightforward numerical method for calculating the time evolution of B z (x,t) and J y (x,t) following flux entry into a type-II superconducting strip. We show that after a long time the profiles of B z and J y reduce to those calculated analytically by Zeldov et al. 3 and numerically by Schuster et al. 2 for both bulk-pinning-free samples and those characterized by a critical current density J c . In Sec. IV we present a brief summary of our results.
II. QUASISTATIC FIELD VARIATIONS
We consider a superconducting strip of width 2W and thickness dӶW. To account for demagnetizing effects in calculating the local magnetic field at the edge, we choose a specific model, sketched in Fig. 1 , with rounded edges. We now use this model to calculate the Meissner response of the strip, the first vortex penetration into the strip, the vortexgenerated current density, the properties at flux entry and flux exit, and the irreversibility line.
A. Meissner response
We first treat the case of a flat strip of thickness d in a uniform magnetic field H a applied along the z direction ͑see Fig. 2͒ . The current density is given by
͑1͒
As discussed in Refs. 12-19, it is almost always in strip geometry that the first term on the right-hand side of Eq. ͑1͒ can be neglected relative to the second term. Thus Eq. ͑1͒ can be rewritten as
where J y is the current density averaged over the thickness. 
Choosing L x to be the strip width (L x /2ϭW) and choosing d/2 to be the radius of curvature at the edge (L z ϭͱ2Wd), we find that the magnitude of the Meissner-response field at the edge is
where RϭL x /L z ϭͱ2W/dӷ1. We note that this is the order of magnitude expected from Eq. ͑3͒. Evaluating Eq. ͑3͒ at xϭϪWϩd/4, where we expect the equation to begin breaking down, we get
Moreover, the z component of the Meissner-response field for a strip of width 2W is given outside the strip by 20 H Mz ͑x,zϭ0͒ϭH a ͉x͉
where ͉x͉ϾW. Evaluating this expression at xϭϪWϪd/4, where we expect this equation to begin breaking down for a strip of thickness d, we obtain
in agreement with the estimates from Eqs. ͑6͒ and ͑7͒. As pointed out in Ref. 21 , it is not a good practice to represent a strip of width 2W and thickness d by an inscribed ellipse of semimajor axis W and semiminor axis d/2. Such a choice would give a field at the edge ͓see Eq. ͑5͔͒ of H a (2W/dϩ1), which is a significant overestimate of the edge field.
Although we do not solve exactly for the tangential field at the surface of the sample sketched in Fig. 1 , in the following we use the approximations that the tangential field is given by Eq. ͑3͒ on the top surface ͑and by the negative of this on the bottom surface͒ when ͉x͉ϽWϪd/4 and by Eq. ͑5͒ ͑with L x ϭ2W and L z ϭͱ2Wd) near the edges of the strip (WϪd/4Ͻ͉x͉рW).
B. First vortex penetration into the film
Application of a magnetic field perpendicular to a strip favors the nucleation of vortices at the edges of the strip. The current density induced in response to the applied field produces an inwardly directed force on a nucleating vortex ͑see Fig. 3͒ . Because of the shape of the strip at its edges, however, each nucleating vortex is also subject to an outwardly directed line-tension force. We now examine carefully the balance of forces exerted on a nucleating vortex.
The tangential component ͑in the direction of t͒ of the Lorentz force exerted on the top end of a nucleating vortex in a strip of elliptical cross section is, from Eq. ͑5͒,
where 0 is the flux quantum. The work done by the source of the applied field as the vortex moves through a distance ⌬x into the sample ͑see Fig. 4͒ is ⌬Wϭ2͉F ts ͉⌬l, where ⌬lϭ(2q/L x sin␤)⌬x is the distance the top end of the vortex moves along the curving sample surface, and the factor of 2 accounts for the equal amount of work done on the bottom end of the vortex. We thus may write ⌬W a ϭ͉F ax ͉⌬x, where F ax is the Lorentz force acting in the x direction,
When the vortex moves by a distance ⌬x into the sample, the line energy must increase by ⌬Uϭ 0 H c1 ⌬z, where H c1 is the lower critical field and ⌬z is the change in the length of the vortex. Since ⌬zϭ⌬x(2L z /L x )͉cos␤͉/sin␤, we have ⌬Uϭ͉F c1x ͉⌬x, where the line-tension force acting in the x direction is
When the applied field is small, the Lorentz force F ax is too small to overcome the line-tension force F c1x , and the vortex cannot penetrate into the superconductor. However, from Eqs. ͑11͒ and ͑12͒, we see that the two forces are balanced when the applied field H a reaches the value H p , where 
Note that when we chose L x ϭ2W and L z ϭͱ2Wd, we have
where RϭL x /L z ϭͱ2W/dӷ1. At this field (H a ϭH p ), the field at the edge of the sample is equal to the lower critical field,
as can be seen from Eq. ͑5͒. In other words, the vortex will be unable to penetrate the strip until the applied field H a exceeds H p , when the Lorentz force from the screening currents overcomes the line-tension force associated with the elliptical shape of the edge. Once the vortex travels a distance x f ϭd/4 from the edge and the cross section of the strip becomes flat ͑see Fig. 3͒ , the line tension vanishes and the vortex is now driven rapidly towards the center of the strip where the current density is zero.
For larger values of H a , this process repeats itself, producing a band of vortices near the center of the strip. The vortices repel each other, and produce a dome-shaped flux distribution within which the total current density is zero. The details of the repulsive vortex interactions are discussed in the next section.
C. Vortex-generated current density
Once the vortices are inside the strip, they generate an upward flux-density contribution B z (x) in the region ͉x͉ϽW. The magnetic flux density generated by each band of vortices, with flux per unit length B z (xЈ)dxЈ, returns through the space around the strip, ͉x͉уW ͑see Fig. 4͒ . When ϽdӶW, the spatial dependence of this return flux can be calculated by conformal mapping as described in the Appendix of Ref. 10 . It follows that the tangential component of the vortex-generated field H VTS on the superconductor's top surface is
where here, and in what follows, the principal value of the integral is to be taken. Except very near the edges of the strip, we have q→W͉sin␤͉ and t→Ϫx when dӶW, such that the x component of the vortex-generated field on the top surface is
Since the x component of the vortex-generated field on the bottom surface is the negative of this, we find from Eq. ͑2͒ that the corresponding vortex-generated current density is ͑see also Ref. 22͒
The vortices inside the strip thus have two important effects. First, the return flux from the vortex-generated field reduces the field at the edge of the sample. Second, the vortexgenerated current density produces a significant contribution to the total current density. Suppose that a field H a larger than the value H p given in Eq. ͑13͒ is applied to a sample initially containing no vortices. Since the field at the edge ͓Eq. ͑6͔͒ exceeds H c1 , vortices nucleate and penetrate into the strip. However, as additional vortices enter the strip and B z increases, the vortexgenerated return flux leads to a negative contribution to H z at the edge of the strip. The vortex-generated magnetic field H vz (xϭW,zϭ0) at the edge of the strip is, from Eq. ͑17͒,
͑19͒
where we have made use of q(␤ϭ0)ϭL z /2ϭͱWd/2 and Rϭͱ2W/d. Note that since B z (x)Ͼ0, the vortex-generated field at the edge H vz (xϭW,zϭ0) is always negative.
The net field at the edge is the sum of the Meissnerresponse field and the vortex-generated field,
From Eqs. ͑6͒ and ͑18͒ we thus obtain
As long as H z (xϭW,zϭ0)ϾH c1 , vortices continue to nucleate and penetrate into the sample, but as more vortices enter the sample, H z (xϭW,zϭ0) gradually decreases. Finally, when H z (xϭW,zϭ0) drops to the value H c1 , vortices will stop entering the sample. We denote the corresponding value of the applied field H a as the critical entry field H en . If H a is increased above this value of H en , vortices immediately will begin to enter the sample again.
Just as we can express the net magnetic field as a sum of the Meissner-response field and the vortex-generated field, so also can we express the net current density as the superposition of the Meissner-response current density ͓Eq. ͑4͔͒ and the vortex-generated current density ͓Eq. ͑18͔͒, 10, 20, 21, 23 J y ͑ x ͒ϭJ M y ͑x͒ϩJ vy ͑x͒. ͑22͒
D. Flux entry and flux exit
Let us now vary the applied field H a quasistatically and find the field and current-density profiles in the cases of both critical flux entry and critical flux exit. The above currentdensity expressions are sufficient for us to calculate the field profiles inside the sample in the steady state.
Flux entry
Consider the condition of critical flux entry, such that the applied field H a ϾH p ͓Eqs. ͑13͒ and ͑14͔͒, but, because of the return field from the vortices inside the sample, the local field at the sample edge is H c1 ͓Eq. ͑21͔͒. Since the sample is on the verge of nucleating new vortices, we will denote quantities at this critical entry condition by the subscript ''en.' ' We first determine the field profile B z (x) in the region where vortices have collected. This field profile is symmetric in x, since no transport current is applied, and extends from Ϫb to ϩb, where 0рbϽWϪd/4. In order for the vortices to be in equilibrium with each other, each vortex must feel no net Lorentz force; hence the current density J y (x) must be zero over the region Ϫbрxрb. From Eqs. ͑22͒, ͑4͒, and ͑18͒, we thus obtain
That the solution of this equation is
can be shown with the help of Eq. ͑7͒ of Ref. 22 . Outside this region, i.e., bр͉x͉рW, B z (x)ϭ0, and the current density, obtained from Eqs. ͑22͒, ͑4͒, and ͑18͒, is
From Eq. ͑24͒ we find that the average flux density in the strip is
where E(b/W,W/b) is an elliptic integral of the second kind. Because of the symmetry of the current-density distribution, we can write the magnetization as
Using Eq. ͑25͒ and carrying out the integral, we obtain
where Rϭͱ2W/d. Corrections to Eq. ͑29͒ are required, however, when b becomes close to W. In this case, more careful attention must be paid to the contribution of currents that flow on the rounded edges of the sample. The above expressions ͓Eqs. ͑24͒-͑29͔͒ hold for arbitrary values of H a and b. However, as H a is increasing, the value of b at the critical entry condition, i.e., b en , is determined from Eq. ͑21͒ by setting the right-hand side equal to H c1 , using Eq. ͑24͒, and carrying out the required integral. The expression from which b en (H a ) can be obtained is 
Flux exit
Suppose that we have increased the applied field H a to some maximum value H en above H p . Since additional vortices have just entered into the strip, the width of the vortexfilled strip, 2b en , and the average flux density in the strip, B en , can be determined from Eqs. ͑30͒ and ͑31͒ by replacing H a by H en .
When we now reduce the applied field H a , the total number of vortices in the strip remains constant ͑and thus the average flux density B z remains constant͒, but the value of b increases. We can use Eqs. ͑27͒ and ͑31͒ to derive an equation for determining b under decreasing H a , as long as B is constant: when Rӷ1. Shown in Fig. 5͑a͒ is a plot of several profiles of B z (x) vs x as the applied field H a is reduced from its initial value H en to the corresponding critical exit field H ex . The area under each curve, which is proportional to the average flux density B , is constant. Note also that b increases as H a decreases. Several plots of the current density J y (x) vs x are shown in Fig. 5͑b͒ . Since the magnitude of J y (x) decreases as H a decreases, the magnitude of the magnetization also decreases.
The average flux density B is shown in Fig. 6 as a function of the applied field H a . For increasing fields at the critical entry condition, B ϭB en ͓Eq. ͑31͔͒, while for decreasing fields at the critical exit condition, B ϭB ex ͓Eq. ͑35͔͒. Note that B is constant for H ex ϽH a ϽH en , because the geometrical barrier prevents vortices from entering or leaving the sample. Shown in Fig. 7 is b, the half-width of the vortex-filled region, as a function of H a . For increasing fields at the critical entry condition, bϭb en , which is determined from Eq. ͑30͒, and for decreasing fields at the critical exit condition, bϭb ex ϭWϪd/4. As H a is varied from H en to H ex the expansion of the vortex-filled region is given by Eq. ͑33͒. The arrows pointing in both directions on these curves indicate that, in the absence of bulk pinning, this breathing motion of the vortex-filled region is reversible. Figure 8 shows the magnetization M z as a function of the applied field H a . The magnetization for increasing H a is given by Eq. ͑32͒, first for H a ϽH p in the Meissner state and then for H a ϾH p at the critical entry condition. The magnetization for decreasing H a at the critical exit condition is given by Eq. ͑36͒. The magnetization on the reversible branches between these limiting curves corresponds to the reversible breathing motion of the vortex-filled region, and the values of M z are calculated from Eq. ͑29͒ using values of b obtained from Eq. ͑33͒.
E. Irreversibility line
From Figs. 6-8 and the corresponding equations we see that the curves of B en and B ex converge, as do the curves of b en and b ex and those of M en and M ex , at an applied field given by Eq. ͑30͒ when b en ϭb ex ϭWϪd/4, or H irr ϷH c1 /2. For H a ϽH irr , the magnetization is hysteretic ͑irreversible͒, but for H a ϾH irr , the hysteresis arising from the geometrical barrier completely disappears, though it is possible that hysteresis from a Bean-Livingston barrier or bulk pinning ͑neither of which has been considered here͒ may still be present. Note that the temperature dependence of the irreversibility field H irr is the same as that of H c1 .
Vortices are generally not present in the rounded edges of the strip when H a ϽH irr . They appear there only briefly as they move inward at the critical entry condition or outward at the critical exit condition. For H a ϾH irr , however, vortices are forced into the rounded-edge region. In equilibrium, no net currents flow in the flat region of the film; otherwise, the vortices would move under the influence of the Lorentz force. Thus the entire magnetization of the strip arises from the surface currents in the rounded-edge region. The local surface-current density is proportional to the discontinuity in the tangential component of B at the film edges.
Exactly at H a ϭH irr , the value of B in the rounded-edge region is zero and the net field at the edge is H c1 . The current carried by the rounded edge at xϭW is approximately I y (xϭW)ϷϪH c1 d. From an expression similar to Eq. ͑28͒ we thus find that the magnetization is M z ϷϪH c1 .
For applied fields larger than H irr , the net field at the edge, H edge , rises above H c1 , and the value of the flux density just inside the rounded-edge region is determined by the equilibrium curve B eq (H edge ). Although it is not possible with the present model to accurately calculate H edge , we can show, using Eq. ͑21͒, that this field approaches the applied field H a . The sample magnetization M z , arising from the surface-current density in the rounded-edge region, therefore approaches the equilibrium ͑reversible͒ magnetization M eq (H). Note that in the mixed state, M eq (H c1 )ϭϪH c1 , and that it decreases in magnitude with increasing field H.
III. TIME EVOLUTION OF THE FLUX PENETRATION

A. Pinning-free samples
We now examine how the flux penetration occurs with time and how the dome-shaped field profile is reached, taking into account the geometrical barrier. Since our calculations are done numerically, we can even include the other part of the current ͓see Eq. ͑1͔͒, which is due to the gradient of the thermodynamic field, Ϫ‫ץ‬H z /‫ץ‬x. In the case of flux flow, we assume that the resistivity is given by the BardeenStephen model
where n is the normal resistivity and B c2 is the upper critical field. An electric field is produced by the motion of vortices under the influence of the currents in the strip. For flux flow the electric field thus obeys
where J y ͓see Eqs. ͑4͒ and ͑18͔͒ is given by
Notice that if there are no vortices inside the strip ͑i.e., if B z ϭ0), there cannot be any electric field, since FF is proportional to B z . Faraday's law yields a time-dependent equation for the flux density B z ,
Using the previous equations, we obtain an integrodifferential equation, which in dimensionless units becomes The exact form of this function is not very important close to the steady state in the range of applied fields, H a ϽH irr , because in this range the flux density in the steady state is zero at the edges of the strip. When H z at the strip's edge is equal to or less than H c1 , B z ϭ0 at the edge, and no flux can enter the strip. When an applied field H a ϾH p is suddenly applied to a strip containing no vortices, the field H z at the edge is initially greater than H c1 , and vortices are admitted into the sample. The net field H z at the edge is the sum of two contributions, one due to the applied field and the other due to the return flux that arises from vortices that have penetrated into the strip. The return flux produced by the vortices entering the sample gradually reduces the value of H z at the edge down to H c1 . At this point, no additional vortices can penetrate the strip. The vortices inside the sample, however, keep moving toward the center of the strip under the influence of the current density J y (x,t), in such a way that the current density becomes zero in the vortex-filled region when the vortices achieve their final distribution ͓see Figs. 9͑a͒ and 9͑b͔͒. The steady-state profiles of both the field and the current density are very nearly the same as those obtained in Sec. II, where we neglected the current part due to the gradient of H z ,
and b is given by Eq. ͑30͒.
The main difference between our numerical results and the profiles shown in Ref. 3 is in the details of how the edges are treated. In Ref. 3, the current density is cut off there at J E 0 . In addition, the slope of B z at Ϯb in our treatment is no longer infinite because we have included the term Ϫ‫ץ‬H z /‫ץ‬x in the expression of the current J y . The domeshaped magnetic flux profile has been seen experimentally by both Zeldov et al. 3 and Schuster et al. 
B. Samples with bulk pinning
In the presence of bulk pinning characterized by a critical current density J c , we model the electric field as in Ref. 24 ,
͑44͒ the E-J relationship given above, however, the vortices come to rest when ͉J y ͉рJ c . The vortices therefore pile up in two symmetric regions where the current is reduced to J c . The rest of the sample is vortex free, and the current density greatly exceeds J c at the edges ͓see Figs. 10͑a͒ and 10͑b͔͒ . The final field and current-density profiles are similar to those obtained by Zeldov et al. 3 except for details of the behavior at the edges. In the case of large J c , the steadystate profiles approach the analytical results obtained in Refs. 21, 23.
IV. SUMMARY
In this paper we have studied the effects of the geometrical barrier that impedes vortex entry and exit in type-II superconducting strips. We have used a specific model, a strip that is mostly flat but has rounded edges, to estimate the magnetic fields and currents in the strip. The key contributions are ͑a͒ the Meissner response to a transverse applied field and ͑b͒ fields and currents generated by vortices in the strip. By considering the effects of demagnetization, we determined H p , the value of the applied field at which the local magnetic field at the edge of the strip first reaches the lower critical field H c1 . For increasing fields H a ϾH p , when vortices are present in a dome-shaped field distribution in the strip, we calculated the flux-density and current-density distributions at the critical entry condition. If the applied field is subsequently reduced, the geometrical barrier prevents vortices from immediately leaving the sample. No vortices leave the sample until the outermost vortices reach the rounded edge of the strip, the critical exit condition. We calculated hysteresis in the magnetization M z , including M en at the critical entry condition for increasing H a , M ex at the critical exit condition for decreasing H a , and the reversible magnetization in the constant-flux condition for applied fields between H ex and H en .
We also investigated vortex dynamics in strip geometry by numerically solving a time-dependent equation governing the penetration of B z into the strip. We presented plots of B z and J y showing the time evolution of these distributions after a transverse magnetic field is applied. We showed that these distributions closely approach those calculated analytically.
Although most of this paper concerned the behavior of vortices in a strip in which there is no bulk or surface pinning, we also briefly considered the vortex dynamics in a strip with bulk pinning to show how the flux distributions are altered. In confirmation of results reported in Ref. 3 , we find that the vortices penetrate from both edges and collect in two dome-shaped distributions, within which the magnitude of the current density is J c .
Note that our results for J c ϭ0 exhibit hysteresis ͑irrevers-ibility͒ in the magnetization even though pinning plays no role whatsoever. The hysteresis arises entirely from the effects of sample geometry, as noted in Refs. 1-3. We calculated an irreversibility field H irr , the value of the applied field (ϳH c1 ), above which the magnetization becomes completely reversible.
A possible extension of the present approach would be to relax the condition of continuity of H z at the edge of the sample, which would permit the study of the BeanLivingston barrier in strip geometry. It is likely that this would increase not only the value of the applied field at which the first vortex penetration would occur but also the value of the irreversibility field H irr .
Further studies of vortex dynamics, including numerical studies of ac losses at arbitrary frequencies, would also be possible using Eq. ͑41͒. Vortex distributions during flux flow under the influence of a transport current also could be easily computed using our approach.
